Abstract A generalized linear control is investigated for robust stability. It is established that this control does not stabilize multidimensional nonlinear discrete systems in general case of arbitrary multipliers. This is a generalization of well-known result by Ushio 1996.
Introduction.
The problem of optimal impact on a chaotic mode is one of the most fundamental in nonlinear dynamics [1, 2] . To solve it various schemes where proposed. Some of them are based on a special representation of the delayed feedback (DFC) [3] that allows to stabilize a-priori not known equilibriums or cycles. Despite simplicity of implementation of DFC scheme, it does have restrictions in application, that are connected with its linearity and the use only one previous state [4] . The classical scheme of DFC works only for a limited region in the spaces of the parameters of the initial nonlinear system. To increase the area of applicability of the DFC various generalizations of the classical scheme were suggested. E.g. in [5] the control involves the information about previous states; in [6] the nonlinear scheme of DFC with one delay was considered and advantages at such modification were discussed. In particular, the control became robust. In [7] a mixed linear-nonlinear DFC scheme was investigated; in [8] the so-called, predictive DFC scheme was studied. In [9] the ideas of [4, 6] were synthesized and the most intrinsic control -the nonlinear scheme with several delays -was proposed
where strengthening coefficients are small, e.g. |ε j | < 1, j = 1, ..., N − 1.
Despite of simplicity of the classical and generalized DFC schemes, analytical investigation of the closed system is a difficult task. The complexity is caused by a geometry of the canonical region of Schur stability for polynomials in the space coefficients [10] . Thus only numerical and experimental results relating to properties and to applicability of DFC schemes are known. In general, the problem obtaining sufficient conditions that guarantee applicability of various algorithms still open.
For a case of nonlinear DFC with several delays the problem is completely solved in [9] , where it was reduced by means of harmonic analysis to the problem if linear optimization.
For the classical linear DFC with several delays it is impossible to reduce the same problem to linear optimization even in a scalar case. In this case the methods of complex analysis connected with properties of mappings of the unit disc of the complex plane turns out to be effective. These methods were extended from a class of univalent functions to any analytical functions in the disc. It was discovered that the use of several delays does not give any advantages in comparison with one delay. Notice that for the nonlinear control the situation is totally opposite.
The settings
Let consider an open-loop vector nonlinear discrete system
which has an unstable equilibrium x * , perhaps more then one. It is assumed that a differentiable function F depends on finitely-many parameters, and that for each admissible set of these parameters it is defined on some bounded simply-connected set of m-dimensional space and maps it in itself. A location of the equilibrium of x * and the spectrum {µ 1 , . . . , µ m } of Jacobi matrix F ′ (x * ) depend on these parameters, i.e. the multipliers µ j , j = 1, . . . , m are known only approximately.
In other words, a region M ⊂C (byC is an expanded complex plan) is given. On needs to find the conditions on the set M that allows stabilization of the equilibrium x * by the control
for all µ j ∈ M, j = 1, . . . , m. Note that at synchronization x n = x n−1 the control (2) became zero, i.e. the close-loop system takes the same form as it is in lack of the control. It means, that the equilibriums of open and closed-loop systems coincide and the control (2) does not depend on a position of the equilibrium.
The characteristic polynomial for the linear part of the closed system (1) and (2) is
where
Assume that the M is not empty, i.e. that for some µ = µ 0 ∈ M the polynomial (4) it is Schur stable. Since χ µ 0 (1) = 1 − µ 0 and χ µ 0 (λ) > 0 for large values of λ then χ µ 0 (1) > 0 otherwise by a mean value theorem there is a root outside a unit disc which is impossible. Thus µ 0 < 1. Vieta theorem implies that the sum of the coefficients of Schur stable polynomial does not exceed 2 (4) is Schur stable at µ = µ 0 [11] . Thus, all real numbers from the set M are in the interval (−2 N + 1, 1). Note that zeros of polynomials continuously depend on parameters and with the change of µ can escape from the disc. In this case the sequence of bifurcations is observing in the system (1) and (2) , which under quite general assumptions lead to emergence of a chaotic attractor. The first bifurcation value of the parameter corresponds to loss of the stable equilibrium by the system. Stabilizing of the equilibrium does mean suppressing the chaos.
For a vector of coefficients a = (a 1 , ..., a N ) from the Schur stability region
The set of M a is not necessary a connected set [12] . Let
where k is a number of simply-connected components M (j)
a . The existence of the control (2) that stabilized the equilibrium of the system (1) depends on the geometry of the set M that leads to the following tasks: for each µ 0 ∈ M and for each vector of coefficients a = (a 1 , ..., a N ) ∈ A N (µ 0 ) estimate the diameter of the sets M a and M (j) a , j = 1, ..., k. In other words, we need to estimate the quantities
Preliminary results. From the statement of the problem follows that the coefficients a 1 , ..., a N are real, and
For further results, these restrictions on the coefficients we do not need. So let a 1 , ..., a N be arbitrary complex numbers of A N (µ 0 ). Let write χ µ+µ 0 (λ) in the form
Proof. Polynomial χ µ+µ 0 (λ) is Schur stable if and only if the image of the setC\D under the map χ µ+µ 0 (λ) does not contain zero, i.e. χ µ+µ 0 (λ) = 0 for all λ ∈C\D. This is equivalent to
, z ∈D Thus, a polynomial χ µ+µ 0 (λ) is Schur stable if and only if
The Lemma is proved.
Let introduce an inversion of complex numbers by the rule (z) * = 1 z
. By inverse set we will understand the set consisting of inverse elements of the initial one. Condition of robust stability (5) is equivalent to the inclusion
Since the polynomial λ 
Proof. By Riemann mapping theorem there exists a function
This means that function F (z) = ϕ −1 (Φ(z)) posesses the inequality |F (z)| < 1 for z ∈ D and satisfies the conditions of Schwarz's lemma, from where |F
. This gives the required estimates (ϕ −1 ) [12] implies that the set ϕ(D) contains a circle of radius
and therefore one of the radius 1/4. The lemma is proved.
Remark. Lemma 2 can be viwed as an extension of Köbe theorem to arbitrary mappings of the unit disc, not necessarily univalent: a minimal connected domain containing the image of the unit disc under any analytic in the disc function of the type
contains a central disc of radius The proof follows directly from Caratherodory theorem [14] : if analytic in the disc D function c 0 z + c Remark that the value of the radius in the Theorem 2 can not be reduced in general. Indeed, for µ 0 = 0, ε ∈ (0, 1) the vector (a 1 , a 2 ) = (2(1 − ε), 1 − ε) belongs to the set A 2 (0) = {(a 1 , a 2 ) : a 2 + 1 > |a 1 |, a 2 < 1}. Then the multiplier µ 1 = 4 − 3ε belongs to the set M a . It is clear that sup ε∈(0,1) |µ 0 − µ 1 | = 4. 
cannot be Schur stable.
If the diameter of the connected set M ⊂C is grater then 4, then the family of the polynomials
cannot be Schur stable as well.
Corollary 2. The diameter of the set M cannot be more then 16 while the diameter of any connected component or M cannot be more then 4.
Proof. The set ∩ µ∈M A N (µ) is not empty. Let a ∈ ∩ µ∈M A N (µ), then M ⊂ M a which implies the desired statements.
Corollary 3. The set
is entirely in the disc of radius 16.
Back to the system (1), let state the necessary condition of the existence of the control (2) that stabilizes the equilibrium x * of the system (1).
Theorem 3. If spectrum {µ 1 , . . . , µ m } of Jacobi matrix F ′ (x * ) has a diameter greater then 16, then there is no control (2) that stabilizes the equilibirum x * . If the spectrum {µ 1 , . . . , µ m } of Jacobi matrix F ′ (x * ) has a diameter greater then 4, then there is no control (2) that robustly stabilizes the equilibirum x * . In particular, if the spectrum is real, then for the robust stabilization of the equilibrium x * it is necessary that the spectrum belongs to the interval (α 1 , α 2 ), where α 2 < 1 and α 1 > α 2 − 4.
Corollary. Let spectrum {µ 1 , . . . , µ m } of the equilibrium x * for the system (1) is real and satisfies −3 < µ 1 ≤ ... ≤ µ m < 1. Then there exists control u n = −ε(x n−1 − x n ) that stabilizes the equilibrium x * .
Proof. The characteristic polynomial can be written in the form
For ε ∈ (− 1+µ 1 2 , 1) the vectors (a 1 , a 2 ) = (−µ j − ε, ε), j = 1, ..., m belong to the stability region A 2 (0) = {(a 1 , a 2 ) : a 2 + 1 > |a 1 |, a 2 < 1}. Therefore for this ε the characteristic polynomial is Schur stable. Remark 1. Theorem 3 demonstrates that the area M of possible locations of the multipliers of the system (1) can not be arbitrarily large for any linear control (2), i.e. the diameter of the set cannot exceed 16 while the diameter of any connected component cannot exceed 4 regardless how large N is in (2). On opposite, the application of the non-linear control allows to stabilize the chaos in the systems with arbitrarily large region of the location of multipliers by taking the number of the strength coefficients in the control u = − N j=1 ε j (F (x n−j ) − F (x n−j+1 )) large enough [9] . Remark 2. If N = 2, the above corollary essentially coincides with Example A in [4] .
Remark 3. Let multiples of (1) are known, and there stabilizing control of the form (1). Then these controles will be infinitely many. Therefore, the next task to consider is among all stabilizing controls choose one with the largest area (diameters) of the set of possible location of the multipliers M. I.e. find the maximum area of C \Φ(D)
5. Example A [11] . Consider the controllable chaotic system
Let study the trivial equilibrium x * = 0 which corresponds to the multiplier µ = h.
Assume that {−3} ∈ M, i.e. µ 0 = −3. Since 1 − µ 0 = 4 then the equilibrium x * cannot be stabilized by the one-term control u n = −ε (x n−1 − x n ) [11] .
The condition 1 − µ 0 ≤ 2 3 implies N = 3 and the stabilization by the two-term control u n = −ε 1 (x n−1 − x n )−ε 2 (x n−2 − x n−1 ) is possible. In [11] one of the possible controls is suggested
Let find the maximum possible set M corresponding to µ 0 = −3 under control (7) . The coefficients are a 1 = −1.2026, a 2 = 1.0239, a 3 = 0.1786, and the function Φ(z) =
* is sketched on Figure 3 . If we assume that in this example the multiples can be only real, then M = (−3.04639, − 1.50656). I.e. one control (7) stabilizes the family of the systems (6) for all h ∈ M.
Example B. Let consider controllable chaotic system described by the two-dimensional Henon equations [15] 
Typically, it is assumed that b = 0.3, a ∈ (0.37, 1.55). The system (8) has two equilibria
The spectra that correspond to these equilibria are
Dependence of the multipliers from the spectra M 1 and M 2 and from a parameter a is shown on Therefore by the corollary to the Theorem 3, the equilibrium (10) is possible to stabilize by the control (9) , with N = 2. The gain may be selected from the interval ε ∈ − 1−2.03 2 , 1 = (0.515, 1).
Let study 2-cycle system (8) . Reduce this case to study the fixed point of the auxiliary system
where f 1 (x n , y n ) = 1 − ax 2 n + y n , f 2 (x n , y n ) = b x n . In addition to the equilibrius (10), (11) there are two equilibriums that correspond to the original two-cycle of the initial system. 
Jacobi matricies for the equilibria (13), (14) have the form
Eigenvalues of these two matrices are the same, depending on their schedules a ∈ (0.37, 1.55) (b = 0.3) are shown in Fig. 6 . Analyzing the dependence on the parameters from multipliers, it can be noted that for a > 0.9125 (b = 0.3) the 2-cycle is unstable. For a > 1.3975 the 2-cycle cannot be stabilized by linear control with N = 2.
Example C. Let consider controllable chaotic system linearized in the neighborhood of the equilibrium point For the existence of the stabilizing control the equality µ 1 = µ 2 + ∆µ should happen for some ∆µ ∈ C \Φ(D)
* . Indeed, the equality is valid for ∆µ = − 6. Conclusion. It is known [10] that the canonical domain stability for Schur polynomials in the space of coefficients has a very complicated geometry even in the real case . To clarify the metric properties of this object a method for determining the length of the segments lying entirely in the domain was proposed in [9] . Also, in [9] have been found the directions in which the segments of order approximately N 2 (N -dimension of the space coefficients) that contains zero were located. Additionally, the exact maximum length of this segment was calculated.
The solution of this geometric task has found an amazing application in the problem of designing delayed feedback controls that stabilize chaos. These controls are represented as a classical nonlinear feedback with multiple delays. The possibility of their use follows from the fact that there are segments which lie entirely in the region of stability with the length of growing together with the dimension of the space of coefficients. The formula for the length of a segment determines implicitly the required numbers of delayed states in stabilizing control.
In current article the methodology of determining the length of the segments has found application to solving the problem of finding the bounds of applicability of linear controls with delayed feedback to stabilization of chaos. It was proved in [4] that the classical linear control is applicable only in special cases, and numerical experiments in [5] have shown that the modified control remaining linear do not solve the problem of stabilization in general situation. We are explaining the geometric nature of this phenomenon. It turned out that the intervals in the direction of the coordinate axes that are lying entirely in the canonical region of stability are limited in length regardless of the dimension of the space of coefficients.
To extend these results to the case of complex canonical Schur stability region we had to find the extension of Köbe Quarter Theorem for an arbitrary analytic in the unit disc function. It turned out that in the complex case the segments parallel to the coordinate planes that lying entirely in the canonical stability region also are limited in length, regardless of the dimension of the space of the coefficients.
Thus, the use of linear time-delayed feedback scheme to stabilize the chaos has significant limitations, and modified control with delayed feedback need to be nonlinear. It will be interesting to verify if this conclusionstill valid for continuous systems described by differential equations.
